1 Introduction

QED: relativistic quantum field theory (QM + SRT) of electromagnetic interactions:
matter < light
e, leptons, quark ¥
Gauge theory: gauge symmetry U(1) (abelian)
e ED describes from 107m — 10~*"m (SM: 10~ 18m)
e huge variety of phenomena (physics, chemistry, ...)

e unique precision test

prototype for theories of strong and electroweak interaction
standard model SU(3) ® SU(2) @ U(1)

important for development of QFT
FIXME:Feynman diagram

Typical applications: high energy physics, atomic physics, positronium
Highlights:
g—2

electron magnetic moment p = gugs, a := =5

experiment: a = (1159652180.85 + 7.7) - 10712 via fine structure constant
theory: a = (1159652188.8 £ 7.7) - 10712 via 4-loop calculation + estimate of 5-loop
Details: PRL97, 03080 & (2006)

Overview
1. Introduction

2. Relativistic field theory

3. Dirac field (spin 3 fermions)
4. Gauge principle and QED lagrangian
5. S-Matrix
6. Feynman Rules
7. Elementary QED processes (e.g. eTe™ — pu* ™, Compton scattering)
8. Radiative corrections (g-2, renormalization)
Literature
Peskin, Schréoder  QFT
Srednichi QFT
Mandl, Shaw QFT
Nachtmann Elementary Particle Theory

Landau, Lifschitz Vol4.



2 Relativistic field theory

2.1 Notation, special relativity

h=c=1, hc=192.327 MeV fm, m, = mec?> = 0.511 MeV
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invariant under Lorentz transformations
22 =0 < &2 =t describes light
Lorentz Trafo:
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contravariant: z* = Agxp
: . ! v
covariant: ), = Aux,, '
invariance: z'? = 2"z g, = G NG A 2P 27 = 2P 27 g\
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= (9A79)" Ay = g% < gATgA = 1
= | AT gA = ¢ | metric invariant under Lorentz trafo

= det A = £1

homogene Lorentz group: X'* = A*, x¥
Poincaré: group: X'* = A*, 2" + a*
Examples:



RTR = 1343 spatial rotation

R3x3
( ) spatial reflection
( ) time reflection

— / — .
A*, ﬂ " ’y = ! , v(t = fz) Lorentz boost in Z-direction
1 v’ =y(z — ft)

1
4-Momentum: p# = ( B ) p'H = A, pY
. ﬁ ) v

Invariants: p'p, =p? =m? (p1 +p2)’, p1-p2, p-x, P

Fields and derivatives

Scalar field ¢/(2') = ¢(A~12") = ¢(x) \
Vector field A (z') = A*, AY (x) i)

Y,
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In general:
. tensor
contravariant of rank n
pseudotensor

invariant tensor g"” = g, €'"P? totally antisymmetric
0123 _ 4

invariant operator 0"0,,¢ — (83 — 52) ¢ = 0¢ d’Alembert operator
z.B. 0¢ = 0 fiir freie Ausbreitung
2.2 Lagrangian formulation, quantization

Analogy:
mechanical system g¢;(t); [discrete] d;, vazl




infinite

field theory ¢(t,¥) Z [ continously } zZ—9), [ d’z

Example: real scalar field ¢(t, %) = ¢(z)[e.g. mesons, higgs boson, ...]
Assumption: £ = L(¢,¢) Lagrangian density

Action: S(0) = [, d*aL(6,0¢) = [dt [d®xL($,69)
L

Action principle: variation ¢(z) — o(x) = ¢(z) + d¢(x), dp(x) = 0, = € T(Q) (boundary)
= 00,0 = 0,0 — 0,0 = O — @) = 0,00
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[ (55 - oezgs) 30+ [, o' (55,5%)
=06¢|p=0
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oL 5L
field canoncially conjugate to ¢(z) : w(x) = 5g§¢
Hamiltonian density H = m(x)0p¢(z) — £ no Lorentz scalar
H= / d*zH
example: £ = 19,¢0"¢ — im2¢? = (615, + m?) ¢ = 0 Klein-Gordon-equation
2
m(z) = 0og(z) = H = £(009)* + & (8(;5) + 2m?2¢? canonical field quantization
[7(t, Z), o(t,§)] = —i0(Z — ¥) Heisenberg commutator

[p(t, %), o(t,§)] = 0= [n(t, %), n(t,§)] relations (equal time)
Generalization: several real scalar fields ¢(z)
L= 30u0:0"¢i — 5m°¢i6; = (0% +m?)¢; = O¥i = 1,
[mi(t, %), ¢5(t, §)] = —i6i;6(F — J)
complex KleinGordon field: £ = 8M¢T8“¢ —m2¢Te

¢1 +igo ¢T_¢1—i¢2
V2 T2

o= , #'¢ independant fields

2.3 Symmetries and conservation laws (Noether’s theorem)

1. Translation invariance (£ = L (¢(z), d¢(x)); i.e. no explicit x-dependance)
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00,
general continuity equation: 9,5 = 9,5° + 95 = 0

— conserved quantity [ d*z.S°
[ &®2T% = PP, T% = n(2)0p¢(z) — L =H

= 0,7 =0 T =_—"10%%— gL energy-momentum tensor



2. internal symmetries, U(1) invariance, charge conservation

L=0,0'0"0 —m*dTop — ¢ =e“p=(1+ic)pp’ — ¢'f = ¢" = (1 —ic)g

In general:
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= conserved current
Complex Klein-Gordon-Field: {¢;} = (¢, ¢7)
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duSH =0; St = 91gTp—0"pp!T — conserved quantity [ d32S° charge; e.g. electrical charge

2.4 Solution of the Klein-Gordon equation, particle

interpretation
1 real field ¢
KG:(02 + m?) ¢ = 0 Ansatz: ¢(z) ~ e='*® with k = (w, k), k-2 = wt— k- Z plane wave ansatz.
— —k2+m?2 = —w? + k2 +m?2 = 0 General solution: ¢ real; ¢(x) = / (;;;63 [ a\(]j.)/ etk 4

; 1
T zk~m:|
a'(k e —
(k) 2m
1 guarantees ¢ to be real

B=wot =6

& la(k),at (k)] = (271')32(,%53 (E llc” i la(k),at (k)] = [a;(k),a+(k’)] = 0 analogous to har-

monic oscillator

Fock space

vacuum: |0) with a(k)]0) =0

1-particle state:  |k) = a™ (k) |0)

2—particle state: |k1, ]{12> = a+(k1)a+(k’2) |0> = a+(k2)a+(k1) |O> = |k‘2, k’2>
2 free particles, state symmetric — indistinguishable particles,
Bose particles

normalization: (0] 0) =1 (k| k) = (0] a(k)a™ (k') |0) = (27)32wj,6®) (k — k')



Energy

3 1 21 (3.\° 41,242
H= [ d%H, H=14(000)" + 5 (86) + Sm?

4’k 1 d’k 1

reformulating H via a, a™ leads to: H:/ kai [a* (k)a(k) + a(k)a™ (k)] (0] H|0) = / (@n)520r Wiy (27)%2w,

- - B e el d*z |4

Sk — k") = | ——se KT 20, 5(0 :/727

=71 [ G =] Gy ~

finite Volume V = L3(— oo0) counting the number of states periodic boundary conditions: k'L =
, . 3 vV &%k 1
e?™ gl = 207 1 sate per (2%) (k-space) # of states : # d*k = (0| H |0) = /(27)3 JWk z€l
~~

Ew»% ground state energy of HO

energy oscillator has %‘ summation over inf. man,
subtraction H= | (%7

r5-wia’ (k)a(k) normal ordering: : a™ (k)a(k) + a(k)a™ (k) := 2a™ (k)a(k)
ta(ky)a™ (k2)a(ks) == a™ (k2)a(k1)a(ks)

(27)32wy, 6 (k—k)
= wra™ (k) |0) = wy |k)

analogously: p'= fmka+( )N =[ 27r 32wk T (k)a f f(27r)32wk

complex scalar field

= [ o la(k)e 7 + b (k)] [a(k), a* (k)] = [b(k), b+ (k)] = (27)*2w,0 (K — K'), zero
otherw1se Jt = —i(6tete — dhept) Q = [ dPzj° = [, at(k)a(k) — b+ (k)b(k) (after normal
ordering) — particle/antiparticle: a-type/ b-type, same mass but charge differs by a sign

2.5 Covariant commutators, Feynman propagator

3
o0) = [ Gy (a7 0 (0] = 6. 0) + (o)

27r)32wk
—ik -z = —iwt + ik - T E = i0, — w [¢(x), d(y)] |z0=yo = 0 equal time commutator
[0(x), ¢(y)] = [0+ (2), 0 (Y)] + [P (2), o+ (v)]
=i\, (z—y) =i\ _(z—y)

=iAi(z —y) —iAL(y — x) = iA(z —y)
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27r)32wk 27r)32wk
[a(k),at (K")]
_ /e—ik«w—y)
k
= iNz—y) =] (% 32w (emthl@=y) — eth(@=v)) = —j [ (2517% sin (k - (x — y)) Properties:

L (O, +m?)A(x—y) =0

2. [¢(x), d(y)] = iA(x — y) only function of x -y — translation invariance

Tfirst example where "renormalization" is needed; Reason: infinitely many degrees of freedom
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5. ‘;—i’“ is Lorentz invariant = A(z’ —y’') = A(z — y) invariant
6. {c)Ae)} = [d(x),d(y)] =0 for (x —y)? < 0 causality
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Feynman propagator

T product (time ordered product):
To(a)o(a') = (¢~ {)ola)ola) + O - o(aolo) = { NN 170

Definition: (0| T¢(z)¢p(z') |0) = iAp(z — )

iAp(z) = O(t) (0] ¢(x)$(0) [0) + O(=1) (0] 6(0)p() |0)

= O()iA, (z) + O(—t)i Ay (—x)
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Integral Representation: Ap(z) = ﬁ I, d4k ke o (w—in)
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1. Green’s Function of the Klein-Gordon equation 62 + m?

2. correlation function (time ordered)

3. Feynman propagator (0] T ox @0 |0)
- ~~

vacuum annihilation at x creation at 0 vacuum

tQ@reen’s function of the Klein-Gordon operator
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